In this paper we shall consider the existence, uniqueness, and asymptotic behavior of mild solutions to stochastic partial functional differential equations with finite delay r > 0:
INTRODUCTION
In recent years, existence, uniqueness, stability, invariant measures, and other quantitative and qualitative properties of solutions to stochastic partial differential equations have been extensively investigated by many authors. It is well known that these topics have been developed mainly by using two different methods, that is, the semigroup approach (for example, Chojnowska-Michalik [4] , Da Prato et al. [7] , Dawson [11] and Kotelenez [14] ) and the variational one (for example, Krylov and Rozovskii [15] and Pardoux [19] ). On the other hand, although stochastic partial functional differential equations with finite delays also seem very important as stochastic models of biological, chemical, physical and economical systems, the corresponding properties of these systems have not been studied in great detail (cf. [1] and [25] ). As a matter of fact, there exist extensive literature on the related topics for deterministic partial functional differential equations with finite delays (for example, see [27] and references of [27] there). We would also like to mention that some similar topics to the above for stochastic ordinary functional differential equations with finite delays have already been investigated by various authors (cf. [18] and [24] and references in [18] among others).
In this paper, by using semigroup methods we shall discuss existence, uniqueness, pth moment and almost sure Lyapunov exponents of mild solutions to a class of stochastic partial functional differential equations with finite delays,
dX(t)=[ − AX(t)+f(t, X t )] dt+g(t, X t ) dW(t),
t \ t 0 ,
where f is F t 0 -measurable and −A is a closed, densely defined linear operator generating an analytic semigroup S(t), t \ 0, on a separable Hilbert space H with the inner product (·,·) and norm ||·||. Throughout this paper we shall assume 0 < a < 1, p > 2 and define the Banach space D(A The contents of this paper are organized as follows. Beginning with some preliminary results which are fundamental for the subsequent developments, we shall investigate in Section 2 the existence and uniqueness of local mild solutions to a class of stochastic evolution equations. Section 3 is devoted to the study of pth moment and almost sure Lyapunov exponential stability properties of mild solutions by using an estimate for stochastic convolution (see Lemma 3.1 below). Finally, we shall present in Section 4 an example which illustrates our main theorems.
EXISTENCE AND UNIQUENESS OF SOLUTIONS
Let (W, F, P) be a probability space on which an increasing and right continuous family {F t } t ¥ [0, +.) of complete sub-s-algebras of F is defined. Suppose X(t): W Q H a , t \ t 0 − r is a continuous F t -adapted, H a -valued stochastic process, we can associate with another process
. Then we say that the process X t is generated by the process X(t). Let b n (t) (n=1, 2, ...) be a sequence of real-valued one dimensional standard Brownian motions mutually independent over (W, F, P). Set 
Under Assumption A, we shall consider the following stochastic integral equation instead of (1.1) by carrying out a semigroup type argument mentioned above:
We also need the following lemma (see p. 104, Proposition 4.15 [9] ).
Under Assumption B, we may suppose that there exists a real number
where T is any fixed time. To prove this theorem, assume T > t 0 is a fixed time to be determined later and D T is the subspace of all continuous processes Z which belong to the space C(
where
and
STOCHASTIC DIFFERENTIAL EQUATIONS
Introduce the following mapping F on D T :
Thus, we obtain by the condition (d) of Assumption A and Assumption B that
Therefore, there exist positive constants, Q 21 , Q 22 > 0 and
In a similar way, we have by using Lemma 7.2 in [9] that
Then, it follows that there exist positive constants Q 31 > 0 and
).
Let {e n }, n \ 1, be a complete orthonormal basis of the separable Hilbert space K such that Q 1/2 e n =`l n e n , where Q is the covariance operator of Wiener process W. Then, we obtain that there exists a positive constant Q 32 > 0 such that
Since Z ¥ D T , it follows that I 1 , I 2 , I 3 tend to zero, as t 2 Q t 1 . Therefore, the proof of the lemma is complete. L
Lemma 2.4. Suppose the operator mapping F and the corresponding domain D T are defined as above; then F(D
Let q= p p − 1 ; then we obtain that
Therefore, we obtain that ||FZ|| D T < .. Thus this completes the proof. L
Proof of Theorem 2.2. Let X, Y ¥ D T , then for any fixed t ¥ [t 0 , T], E ||(FX) t − (FY)
t || p C [ E sup − r [ h [ 0
||(FX)(t+h) − (FY)(t+h)||
Next, let 1/p+a < r < 1/2 and
then we have 
Hence, by taking a suitable T > t 0 such that T − t

U(t), immediately yields
X(t)=S(t) f(t − t 0 )+F
S(t − s) f(s, X(s)) ds
+F t t 0
S(t − s) g(s, X(s)) dW(s), t \ t 0 , X(t)=f(t), t 0 \ t \ t 0 − r,
which proves the existence of a local solution of (2.1). The uniqueness of the solution is proved similarly. Therefore the proof is complete. L 
then there exists a unique, global continuous solution X(t): W Q H a to the equation (2.1) for any initial value
Proof. If f and g satisfy the global Lipschitz condition, then the proof of the theorem can be given similarly as a corollary of Theorem 2.2. If f and g satisfy the local Lipschitz condition, then the proof is given by the truncation method [6, p. 17] . Hence, we omit the proof. L
ALMOST SURE EXPONENTIAL STABILITY
ds < ., t \ t 0 . In [6] , Da Prato and Zabczyk proved
, by using the equation
The following lemma is obtained as a consequence of the above mentioned inequality. However, we would like to give the proof here for the reader's convenience. For this end, assume q= 
Proof. Using (3.1) and the Hölder inequality we obtain that
On the other hand, we have that
which, by the Young inequality, immediately yields
Therefore, the proof of the lemma is complete. L Now, we are in a position to present the stability results of the solution to (2.1). 
, t \ 0, and there exist nonnegative real numbers
, then there exist positive constants e > 0 and K(p, e, f) > 0 such that for each t \ t 0 +2r
e(t − t 0 )
.
In other words, the solution is the pth moment exponentially stable.
Proof. Without loss of generality, we suppose t 0 =0.
Therefore, we have for arbitrary e ¥ R + with 0 < e < a and T > 0 large enough
On the other hand, for − r [ s [ 0 and t > 2r
Therefore, substituting (3.5) into (3.4) yields
which, by virtue of the continuity of X(t), t \ 0, immediately implies
On the other hand, since a > L 0 by assumption, it is possible to choose a suitable e ¥ R + with 0 < e < a − L 0 small enough so that
which, letting T > 0 tend to infinity and using (3.6), immediately yields
By virtue of (3.2), (3.3) and (3.7), we can easily deduce (note 0 < e < a − L 0 )
where 
||S(t − N+1) X(N − 1)||
p h ) + 1 3 e N 2 p E 1 sup N [ t [ N+1 > F t N − 1 S(t − u) f(u, X u ) du > p h 2 + 1 3 e N 2 p E 1 sup N [ t [ N+1 > F t N − 1 S(t − u) g(u, X u ) dW(u) > p h 2 =I 1 +I 2 +I 3 .
STOCHASTIC DIFFERENTIAL EQUATIONS
Hence, in view of Theorem 3.2, we have
Therefore, there exists a positive real number R 0 > 0 such that
Next, by a straightforward computation we have Hence, let 0 < a < 1 and M \ 1 be two any fixed real numbers and let
